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Abstract

Non-normal modal logics, interpreted on neighbourhood models which generalise the usual relational
semantics, have found application in several areas, such as epistemic, deontic, and coalitional reasoning.
We present here preliminary results on reasoning in a family of modal description logics obtained by
combining ALC with non-normal modal operators. First, we provide a framework of terminating, correct,
and complete tableau algorithms to check satisfiability of formulas in such logics with the semantics
based on varying domains. We then investigate the satisfiability problems in fragments of these languages
obtained by restricting the application of modal operators to formulas only, and interpreted on models
with constant domains, providing tight complexity results.
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1. Introduction

Contexts involving epistemic and doxastic [1, 2, 3], agency-based [4, 5] and coalitional [6, 7], as
well as deontic [8, 9, 10], reasoning capabilities populate the wide spectrum of settings where
modal logics have found natural applications. In such scenarios, modal operators can be used to
represent and reason about what agents, or groups of agents, respectively know, believe, have
the capability, or have the permission, to bring about.

The semantics of modal operators is usually given in terms of relational models, based on
frames consisting of a set of possible worlds equipped with suitable accessibility relations.
However, all the modal systems interpreted by means of this kind of semantics, known as
normal, validate principles that have been considered problematic or debatable for the afore-
mentioned applications, leading to counterintuitive or unacceptable conclusions. Among the
unpleasant features discussed in the literature, one encounters for instance the problem of
logical omniscience [3], as well as a number of so-called paradoxes in the representation of
agents’ abilities [5] and obligations [11, 12, 13].

To avoid the unwanted consequences of the relational semantics, several non-normal modal
logics have been proposed and studied, tracing back to the seminal works by C.I. Lewis [14],
Lemmon [15], Kripke [16], Scott [17], Montague [18], Segerberg [19], and Chellas [20]. The
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semantics of such systems can be given in terms of neighbourhood models, generalisations of
the relational ones that were first introduced by Scott [17] and Montague [18]. In this setting, a
frame consists of a set of worlds, each of which is associated with a set of subsets of worlds.
Since a subset of worlds can be thought as a proposition (that is true in those worlds), this
means that every world in a neighbourhood model is assigned to a set of propositions, those
considered necessary with respect to that world. This semantics both generalises the relational
one, and avoids the drawbacks of the latter, since the modal principles validated on relational
frames that are deemed as problematic for epistemic, coalitional or deontic applications do not
hold in general on neighbourhood models.

Non-normal modalities have been widely investigated as a way to extend propositional
logic. A further line of research focuses on the behaviour of modal operators interpreted on
neighbourhood frames in combination with first-order logic. In this direction, a few works have
provided completeness results for first-order non-normal modal logics [21, 22]. In addition, non-
normal modal extensions of description logics, seen as fragments of first-order logic with a good
trade-off between expressive power and computational complexity, have been considered for
knowledge representation applications [23, 24], also in multi-agent coalitional settings [25, 26].

In this paper, we investigate satisfiability of non-normal modal extensions of description
logics. In particular, we study the logics characterised by the class of all neighbourhood frames
(E), supplemented neighbourhood frames (IM), neighbourhood frames closed under intersection
(C), and neighbourhood frames containing the unit (IN), and combine them with the prototypical
ALC description logic. We provide a framework of terminating, correct, and complete tableau
algorithms to check satisfiability in such logics interpreted in neighbourhood models with
varying domains (in this kind of semantics, the domains of the interpretations at each world
can differ; cf. Section 2 for details). We then investigate the satisfiability problems in fragments
of these languages obtained by restricting the application of modal operators to formulas only,
and provide complexity upper bounds with constant domains (in this case the domains of the
interpretations at every world are the same). We leave satisfiability checking procedures for
non-restricted languages interpreted on models with constant domain as open problems.

2. Preliminaries

In this section, we provide preliminary definitions for non-normal modal description logics,
first introducing their syntax, and then giving their semantics based on neighbourhood models.

Syntax Let Nc and NR be countably infinite and pairwise disjoint sets of concept names and
role names respectively. An ML", ;- concept is an expression of the form

C:=A|-C|CnC|3r.C|gC,

where A € N¢, r € Ng, and O;, with i € I = {1,...,n}, are modal operators called boxes. A
concept inclusion (CI) is an expression of the form C' T D, where C, D are ML) /- concepts.
An ML ;- formula takes the form

pu=CLCD|-p|pAeg| O,



where ¢ € I. We will use the following standard definitions for concepts: L := AT —A,
T :=-L;¥r.C := =3r.=C; (CU D) := =(=C 1 =D); &;C := —0;~C (operators <; are
called diamonds). Concepts of the form 0;C, &;C are called modalised concepts. Analogous
conventions also hold for formulas, for which we set true := (L C T).

Semantics A neighbourhood frame, or simply frame, is a pair F = (W, {N;}icr), where
W is a non-empty set of worlds and, for eachi € I = {1,...,n}, N;: W — 22" is called
a neighbourhood function. A frame is: supplemented if, for alli € I, w € W, o, 5 C W,
a € Nj(w) and o C (3 implies 8 € N;(w); closed under intersection if, for all i € I, w € W,
a,f CW, a € N;j(w) and 8 € N;(w) implies « N 5 € N;(w); and contains the unit if, for
alli € I, w e W,W € N;(w). An ML" ;. varying domain neighbourhood model, or simply
model, based on a neighbourhood frame F is a pair M = (F,Z), where F = (W, {N; }ics) isa
neighbourhood frame and Z is a function associating with every w € W an ALC interpretation
Ty = (Ay, ‘L“), with non-empty domain A, and where 2w is a function such that: for
all A € N¢, AZv C Ay; forallr € Ng, 77 C AyxA,. An ML’} ;¢ constant domain
neighbourhood model is defined in the same way, except that, for all w, w’ € W, we have that
A, = Ay. Given a model M = (F,7) and a world w € W of F (or simply w in F), the
interpretation CTv of a concept C' in w is defined as:

(=D)F = Ay \ D™,
(DN E)* = D n B,
(Ir.D)Iv = {d e A, | Je € DT : (d,e) € v},
(D) ={d € A, | [D[" € Ni(w)},
where, for all d € J,,c)y Aw, the set [D]}1 = {v € W | d € D**} is called the truth set of D
with respect to d. We say that a concept C'is satisfied in M if there is w in F such that CTw # (),
and that C' is satisfiable (over varying or constant neighbourhood models, respectively) if there

is a (varying or constant domain, respectively) neighbourhood model in which it is satisfied.
The satisfaction of an ML)~ formula ¢ inw of M, written M, w = ¢, is defined as follows:

)
D)

M,wE=CCD iff C¢Tvc D,
Mow =y iff M,w =,
MwEYPAx iff M,wpEYand M,w [ x,
Mow =0 it [9]M e Ni(w),

where []M = {v € W | M,v |= 4} is the truth set of 1. As a consequence of the above
definition, we obtain the following condition for diamond formulas: M, w |= < iff [-y]M ¢
N;(w). Given a neighbourhood frame F = (W, {N;}.cr) and a neighbourhood model M =
(F,I), we say that ¢ is satisfied in M if there is w € W such that M, w = ¢, and that ¢
is satisfiable (over varying or constant domain neighbourhood models, respectively) if it is
satisfied in some (varying or constant domain, respectively) neighbourhood model.

Given a class of frames C, by the ML’} » formula satisfiability problem on (varying or constant
domain, respectively) neighbourhood models based on a frame in C we mean the problem of



deciding whether an ML) .- formula is satisfied in a (varying or constant domain, respectively)
neighbourhood model based on a frame in C. In the following, let Log = {E, M, C,N}. Given
L € Log, the L") ;- formula satisfiability problem on (varying or constant domain, respectively)
neighbourhood models is the ML", ;- formula satisfiability problem on (varying or constant
domain, respectively) neighbourhood models based on a frame in the class of:

« all neighbourhood frames, for L = E;
« supplemented neighbourhood frames, for L = M;
« neighbourhood frames closed under intersection, for L = C; and

» neighbourhood frames containing the unit, for L = N.

3. Tableaux for Non-normal Modal Description Logics

In this section, we provide terminating, sound and complete tableau algorithms to check
satisfiability of formulas in varying domain neighbourhood models. The notation partly adheres
to that of Gabbay et al. [27], while the model construction in the soundness proof is based on
the strategy of Dalmonte et al. [28].

We require the following preliminary notions. For a concept or formula ~, we denote by
—vy the negation of -y put in negation normal form (NNF), defined as usual. Given an ML", .-
formula ¢, we assume without loss of generality that ¢ is in NNF, it contains CIs only of the
form T C C, and every concept occurring in ¢ is also in NNF. We define the weight |C| of a
concept C' in NNF as follows: |A| = |-A| = 0; |[Fr.D| = |Vr.D| = |&;D| = |0, D| = |D| + 1;
|DME| = |DUE| = |D|+ |E|+ 1. The weight |p| of a formula ¢ in NNF is defined as:
(€ D)| = |~(C T D)| = 0504t = ] + 1 | A x| = [15 x| = ] + |x| + 1. Observe that,
for a concept or formula 7, we have that |y| = |-y|. We denote by con(¢) and for(y) the set of
subconcepts and subformulas of ¢, respectively, and then we set con-(¢) = con(¢) U {-C'|
C € con(p)} and for-(¢) = for(¢) U {2 | ¢ € for(p)}. The set rol(y) is the set of role
names occurring in . Let Fg(y) = for-,(¢) U con-(¢) U rol(¢). Note that, by our assumption
on the form of Cls in (, we have T € con- ().

Moreover, let Ny be a countable set of variables, well-ordered by the relation <, and let N
be a countable set of labels. Given an ML) .- formula ¢, an n-labelled constraint for ¢ takes the
formn : ¢, orn: C(x),orn: r(z,y), wheren € N, ¢ € for-(¢), z € Ny, C € con-(p), and
r € rol(y). An n-labelled constraint system for ¢ is a set S, of n-labelled constraints for ¢. (A
labelled constraint for o is an n-labelled constraint for ¢, for some n € N, and similarly for a
labelled constraint system for ). A completion set T is a non-empty union of labelled constraint
system for ¢, and we set Ly = {n € N__ | S,, € T}.

Concerning variables, we adopt the following terminology. A variable = occurs in Sy, if S,
contains n-labelled constraints of the form n : C(x) or n : r(7,7'), where 7 = z, or 7/ = x,
and n € N|. In addition, x is said to be fresh for S,, if x does not occur in S, and = > y, for
every y that occurs in S. (These notions can be used with respect to T, whenever S,, C T).
Without loss of generality, we assume that, whenever x occurs in S, the n-labelled constraint
n: T(z)isin S, . Also,if n : r(z,y) € Sy, we call y an r-successor of x with respect to .S,,.




Finally, given variables x, y in an n-labelled constraint system S,,, we say that x is blocked by y
inSyife>yand{C|n:C(x) € Sp} C{C|n:C(y) € Sy}

A completion set T contains a clashif {m : ¢,m : =)} C T, or {m : C(x),m : =C(z)} C
T, for some m € N, and formula ¢ or concept C. A completion set with no clash is clash-free.
Given Lh € Log, a completion set is L")y »--complete if no L'} ,--rule from Figure 1 is applicable
to T, where ; is either ; € for-(y) or Cj(z;), with C; € con~(yp),for j =1,...,k, and ¢
is either x € for-(¢) or D(y), with D € con-(¢p), with respect to the following application
conditions associated to each L'} ---rule:

(Ry) {n:wn:x} Z T (Ro) {n: C(x).n: D(a)} € T
(Ry) {n:¢¥,n:x}NT =0 (Ry) {n:C(z),n:D(z)}NT =0

(R3) « is not blocked by any variable in S,,, there is no z such that {n : r(z,2),n : C(2)} C T,
and y is the <-minimal variable fresh for Sy,;

(Ry) n:C(y) ¢ T;
R_

(R=) =z occurs in an n-labelled constraint in T and n : C(x) ¢ T;
(Rx) x is the <-minimal variable fresh for S, and there is no y such that n : ~C(y) € T;
(Re)

Rr,) m is fresh for T, and there is no o € N such that {0 : v1,...,0 : v;,0: 0} C T, or
{o:-7j,0: -6} C T, for some j < [, where k and [ are as in Figure 1.

The L'} ;--rules essentially state how to extend a completion set on the basis of the infor-
mation contained in it. Branching rules entail a non-deterministic choice in the expansion of
the completion set. For each L € Log, we now define an algorithm based on L ;--rules for
checking the L") - formula satisfiability. We then prove that the algorithm terminates for every
formula ¢, and that it is sound and complete with respect to L") - satisfiability.

Definition 1 (L") tableau algorithm for ¢). Given an ML", .- formula ¢, the L") /- tableau
algorithm for ¢ runs as follows: set the initial completion set T, = {0 : ¢,0: T(x)}, and expand
it by means of the L") q--rules until a clash or an L'} ,--complete completion set is obtained.

In the rest of this section, we prove termination, soundness and completeness of the tableau
algorithms given above. We start by showing that the L) - tableau algorithm terminates.

Theorem 1 (Termination). Having started on the initial completion set T, = {0 : ¢,0: T(x)},
the L'y qc tableau algorithm for ¢ terminates after at most or(Fe(P)D) steps, where p is a polynomial
function.

Proof. We first require the following claims.

Claim 1.1. Let T be a completion set obtained by applying the L'} - tableau algorithm for . For
eachn € Ly, the number of n-labelled constraints for ¢ in T does not exceed 29UF&8(2))) where q
is a polynomial function.



(Ra) ’nzi/)/\x‘—’n:d),n:){‘ (Rr) ’n CnD(x ‘—’n C(x), n:D(m)‘

-n ) n:C(x)
®o [0 ®) <
[nix] n: D(x)

(Ra) ’n Ir.C(z ‘—’n r(z,y),n:Cy )‘ (Rv) ’n:Vr.C(m),n:r(m,y) ‘—’nC(y)‘

n:TCC|l—|n:C Ry) | n:~(TEC)|—| n:~C(x)|

’ MDY,y T Yy O ‘ (0)

’ m: Sy, m: 5 ‘ (1)

(RL) ’ n 0y, .1 Ui,

’ m: Sy, m: 5o ‘ )

Figure 1: L’ c-rules, where:forL=E, k=l=1forL=M,k=1andl =0;forL=C,k > 1
andl =k;forL=N,k=l=1lork=1[1=0;

Proof of Claim. We remark that, for each S;, C T, the L'} /- tableaux algorithm behaves exactly
like a standard (non-modal) ALC tableaux algorithm (cf. e.g. [27, Theorem 15.4], noting also
that in our case we do not have to deal with individual names). O

Claim 1.2. Let T be a completion set obtained by applying the L'} - tableau algorithm for ¢.
(@) - IFe(e)l-

Proof of Claim. Labels n are generated in T by means of the application of the rule Ry,. For
L € {E,M, N}, this rule is applied to two n-labelled contraints n : O;y,n : ;0 (for L =N
possibly also to a single constraint n : $;0), while for L = C it is applied to k + 1 n-labelled
contraints n : O;7yp,...n @ Ok, n : <i0. By the application condition of Ry, each such
combination of constraints generates at most one label m. Therefore, the number of labels that
can be generated in T is bounded by the number of possible such combinations, which is at
most |[Fg(¢)|?, for L € {E, M, N}, and at most 2/F&(@)| . |Fg(y)|, for L = C. O

The theorem is then a consequence of the following observations. Given a completion
set T constructed by the L") .. tableau algorithm, we have by Claim 1.2 that the number of
()% for L € {E,M, N},
and at most 2/F&()l . [Fg(y)|, for L = C. Moreover, since every application of the rules R,
and Ry introduces a new formula to an n-labelled constraint, the total number of such rule
applications is bounded by |Lt| - |[Fg(¢)|. Finally, by Claim 1.1, the number of applications




of rules R, Ry, Ry, R3, R—, R per label n is bounded by 20(Fe()l) where ¢ is a polynomial
function, since these rules add a new constraint to an n-labelled constraint system. Thus, the
overall number of such rule applications is bounded by |L| - 22(Fe(@)]). O

We now proceed to prove that the L'} - tableau algorithm is sound.

Theorem 2 (Soundness). If, having started on the initial completion set T, the L") ;- tableau
algorithm constructs an L'y ;--complete and clash-free completion set for o, then ¢ is L' -
satisfiable.

Proof. Given an L'} ,--complete and clash-free completion set T for ¢, define, for n € L,
Y € for-(¢), C € con-(p), and z occurring in T,

|IC|lz={n€ly|n:C(x)€S,}, Y] ={ne€ly|n:¢yes,}
[Cle=Lr\{ne€ly|n:-C(x)eS,}, [] =Lp\{n €Ly |n:eS,}

Moreover, define I'Y = {¢ | n: ¢ € Sp,} U{C | n: C(x) € S,} and let ~, ¢ range over
ML) rc formulas or concepts, where: |v], = [¢],if v = 4, and |v|, = |C],, if v = C;
and similarly for [7],. We set M = (F,Z), with F = (W, {N;}ic1) and Z,, = (A,,, -Ir), for
n € W, defined as follows:

- W=Lm;
. foreveryic I ={1,...,n}, weset N;: W — 22" such that:

- forL=E: Nj(n)= {a|forsome 3y € T%: [y]s Ca C [v]a};

- forL=M: Nj(n)= {«|for some O,y € T%: ||, C o}

- forL=C: Nj(n) = {o| for some O;v1 € T2, ..., Oy € [Ek:

Ny ey € @ €Ny [Ty b

- forL=N: N;(n)= {a | for some O;y € TZ: |7 Ca C ['ﬂx} Uw;

« A, ={z €Ny |zoccursin S, };

« An={zc A, |n:Alx) €S}

e I = {(2,y) € Ay x Ay | n:7(z,y) € Sporn:r(z,y) € Sy, for some z blocking x
inS,}

First, we observe the following.

« For L = M, we have that M = (F,Z) is such that F = (W, {N; }ic1) is supplemented.
Indeed, for allm € W, o, 8 C W, suppose that a € N;(n) and a C . By definition, this
implies that: for some 0;y € I'%, | 7], € « C (. Hence, 8 € N;(n).



« For L = C, we have that M = (F,Z) is such that F = (W, {N, }ier) is closed un-
der intersection. Indeed, for alln € W, a,5 C W, suppose that o € M(n) and

B € N;(n). Now suppose that, for some 0;y; € T2, ..., O € Tk ﬂ;?:l 1Vile; €
a C ﬂ;?:l [Vjlz; and, for some 0;0, € T3',...,0, € T3 ﬂ?zl 1671y, C
5 C ﬂ?zl [6j1y;- Then for some O;v1 € I'jY,..., 0% € I'iF and some 0;01 €

9 ..., 00, € T3 the following holds, which in turn implies that a N 3 € N;(n):
k h k h
ﬂj:l h’ijj N ﬂj:l Léijj Canpc ﬂj:l h’ﬂxj N ﬂjzl Mﬂyj

« For L = N, we have that M = (F,Z), with F = (W, {N }icr), is such that F contains
the unit. Indeed, by construction, for all n € W, W € N;(n).

We then require the following claims.

Claim 2.1. Foreveryn € W, C € con-(p), andx € Ay: ifn : C(x) € Sy, thenx € CTr.

Proof of Claim. We show the claim by induction on the weight of C' (in NNF). The base case of
C = A comes immediately from the definitions. For the base case of C' = — A, suppose that
n : ~A(z) € S,. Since T is clash-free, we have that n : A(z) ¢ S, and thus = ¢ A?" by
definition of AZ", meaning z € (= A)%". The inductive cases of C = DMFE and C = DUE come
from the fact that S, is closed under R and R, respectively, and straightforward applications
of the inductive hypothesis. We show the remaining cases (cf. also [27, Claim 15.2]).

C =3r.D.Letn: Ir.D(x) € S, meaning that Ir.D € I'%. We distinguish two cases.

+ xisnot blocked by any variable in S,. Since S, is closed under Rz, there exists y occurring
in S,, such that n : r(z,y) € S, and n : D(y) € S,. Thus, by definition, (z,y) € r»
and n : D(y) € S,. By inductive hypothesis, we obtain that x € (Ir.D)%n.

« z is blocked by a variable in S,,, implying that there exists a <-minimal (since < is a
well-ordering) y occurring in S, such thaty < x and {E | n : E(x) € S} C {E |
n : E(y) € Sp}. In turn, this implies that y is not blocked by any other variable z in
Sy (for otherwise z would block z, with z < y, against the fact that y is <-minimal).
By reasoning as in the case above, since y is not blocked and .S, is closed under R3, we
have a variable z occurring in S,, such thatn : r(y, z) € S, and n : D(z) € S,,. Since
y blocks z, by definition we have that (z, z) € 72", and by inductive hypothesis we get
from n : D(z) that z € D*n. Thus, z € (Ir.D)%.

C =Vr.D. Letn : Vr.D(z) € S,, meaning that Vr.D € I'?, and suppose that (z,y) € r1".
By definition, either n : r(z,y) € S, orn : r(z,y) € Sy, for some z blocking x in S,,. In the
former case, since S, is closed under Ry, we get that n : D(y) € S,,. In the latter case, since z
blocks z in S),, we obtain n : Vr.D(z) € S,,; again, since S, is closed under Ry, this implies
that n : D(y) € S,. Hence, in both cases, we have n : D(y) € S,,. By inductive hypothesis,
this means that y € D”». Since y was arbitrary, we conclude that z € (Vr.D)%».

C =0;D.Letn: 0;D(x) € Sy, meaning that 0; D € I'. Consider LL € Log.

L = E. We have by inductive hypothesis that | D], = {n € W | n: D(z) € S,} C {n €
W | x € DI} = [D]M. By inductive hypothesis (since |~D| = |D|), we also have that




neW|n:-D()e S,y C{neW|ze (-D)} =[-D]M =W\ [D]M. Hence,
[DIM €W\ {w €W |n:-D(z) € Sy} = [D].. In conclusion, we have 0;D € I'Z
such that | D], C [D]M C [D],. Thus, by definition, [D]M € Nj;(n), as required.

L = M. We have by inductive hypothesis that |[D|, = {n e W |n: D(z) € S,} C{n €
W |z € DIn} = [D]M. Thus, we have 0; D € T'Z such that | D], C [D]M. By definition,
this means [D]M € N;(n), as required.

L € {C,N}. This cases are analogous to the case for L = E.
C =<;D. Letn : &;D(x) € Sy,. Consider L € Log.

L € {E,M}. We distinguish two cases. (i) There exists no O0;y € I';,. This means that
Ni(n) = 0. Thus, W\ [D]M € Ni(n), meaning that x € (O;D)%n. (ii) There exists
0;v € I'},. We then reason similarly to the case for L = C.

L = C. We distinguish two cases. (i) There exist no 0,7, € T}, ...,0;v% € . As for
L = E, we obtain z € (O;D)%. (ii) There exist O;y; € %, ..., 0iv € ['iF. Since T
is L'} rc-complete, there exists m € W such that: v; € o, ...,y € and D € r,

or vy, € I'7i and <D € T2, for some j < k. By inductive hypothesis, the previous
step implies that there exists m € W such that: 1 € I, ..., € ' and = € DIm,
or vy € I'% and z € ~DIm, for some j < k. Equivalently, it is not the case that, for
every v € W: vy € T, ... v, € TP implies ¢ D%m; and forall j < k, z € ~D™m
implies “vy; ¢ I'},. In other words, it is not the case that: ﬂ;?:l [Vily; S W\ [D]M; and

W\ [D]M C ﬂ?zl [y Thus, W\ [D]2* & N;(n), ie., x € (O;D), as required.

L = N. We distinguish two cases. (i) There exists no O0;y € I'};. This means that \;(n) = W.
Since T is L") o-complete, there exists m € W such that D € I'},, i.e, m : D(z) € Sp,. By
inductive hypothesis, this implies € D™, that is, [D]}* # (. This holds iff W \ [D]M #
W, and thus W \ [D]M & N;(n). Hence, x € (¢;D)n. (i) There exists O;v € Th. We
then reason similarly to the case for L = C. O

Claim 2.2. Foreveryw € W and ) € con-(p): ifn : 1 € Sy, then M, w = .

Proof of Claim. We prove the claim by induction on the weight of ¢ (in NNF).

Yp=(TCC).Letn:TLCCe€S,andletz € A,. Since S, is closed under (R=) and =
occurs in S,,, we have that n : C(z) € S,,. By Claim 2.1, we have that 2 € C”». Given that z is
arbitrary, we conclude that M, n =T C C.

= —(T EC). Letn : =(T C C) € S,. Since S, is closed under (R.), there exists =
occurring in S, such that n : “C/(x) € S,,. By Claim 2.1, we obtain that z € (-C')", for some
x € Ay. Hence, M,n = (T C C).

The inductive cases of 1) = x A and ) = x V¥ follow from the definitions and straighforward
applications of the inductive hypothesis. Moreover the inductive cases of vy = 0;x and ¢y = ;x

can be proved analogously to Claim 2.1. O

Since, by definition, we have 0 : p € Sy C T, thanks to Claim 2.2 we obtain M,0 = ¢. [



We finally show completeness of the L") ;- tableau algorithm.

Theorem 3 (Completeness). If p is L") - satisfiable, then, having started on the initial completion
set T, the L") - tableau algorithm constructs an L) ;--complete and clash-free completion set

for .
Proof. Let M = (F,T) be an L'} -o-model satisfying o, with F = (W, {N }ie1), i.e., M, w, =

¢, for some w, € W. We require the following definitions and technical results. First, we
let v, § (possibly indexed) range over ML" .- concepts and formulas, with [y])* = [¢]M,
if v = 1, and [y]}! = [C])L if v = C. Then, forw € Wand d € [,y Ay, define
dd = {9 € fors(p) | M,w = 9} U{C € con=(p) | d € CTv}. Observe that, if C € &%,
then d € A,,. We now show that the following holds.

Claim 3.1. Foreveryw € W and everydy,...,d;,e € Uvew Ay ifOm € <I>i1, con O €
- and ©;0 € B, then there exists v € W such that:

(0) v1 € ®h, ... v, € & and § € OE; or

(1) “y1 € @4 and -5 € ®¢; or

(1) ~y € ®%* and ~6 € OF;

where: forL =E, k=1=1;forL=M,k=1andl =0; forL =C,k > 1 andl = k; for
L=Nk=l=1lork=1=0.

Proof. We consider each LL € Log.

L = E. Assume O;y € &%, ;6 € ®¢, meaning that [y]}! € NV;(w) and W\ [6]M & N;(w),
ie., [20]M ¢ N;(w). Towards a contradiction, suppose that, for every v € W, the following
holds: (y & ®? or § ¢ ®¢) and (~y ¢ ®% or ~0 ¢ ®F). Equivalently, for every v € W:
(v € @ implies § ¢ ®¢)and (-6 € & implies ~y ¢ ®?). By definition, we have that y € ®¢
iff v & ®% and § € D¢ iff 6 € ®C. Thus, the previous step means: ([y]4! C [d]M) and
([=612 C [V, ie, [YI4 = [0]2, contradicting the assumption that [y])1 € N;(w)
and [=0]" & Ni(w).

L = M. Assume O;7 € ¢, ;6 € ®¢, meaning that [y]}* € N;(w) and W\ [0]M & Ni(w),
ie., [“6]M & N;(w). Towards a contradiction, suppose that, for every v € W, the following
holds: v & ®4 or § ¢ ®¢. Equivalently, for every v € W: v € & implies § ¢ ®¢. By
definition, the previous step means [v[4! C [d]. Since M is supplemented, we have
that [<6]M € Aj(w), which is impossible.

L = C. Assume O;y; € &% ... Oy, € &, O;6 € ®¢, meaning that [[’yj]]é\;l € N;(w), for
j=1,....k and W\ [6]M & N;(w), ie, [-6]M ¢ N;(w). Towards a contradiction,

suppose that, for every v € W, none of the following holds: (0) y; € &%, ... v, € &
and § € ®¢; (1) ~y; € % and 6 € ®F; ..; (k) ~y, € ®% and -6 € ®E. Equivalently, for



every v € W, it holds that (0) y; € ®%, ... 4 € ®% implies 0 ¢ ®¢; and (1) = € ¢
implies ~y; € ®%1; .. and (k) =6 € ®¢ implies ~y, ¢ ®%. By definition, from the
previous step we obtain (0) ﬂ§:1 [[7]-]]9;1 C [26]M; and (1) [-5]M C [['yl]]il\f; ... and (k)
[-o]M C [[’yk]]é‘:. Hence ﬂ?zl [[’yjﬂé\;’ = [-8]M. Since M is closed under intersection, we
obtain [~0]M € N;(w), a contradiction.

L = N. We distinguish two cases: (i) Let k = [ = 0. That is, there exists no 0;y € ®¢, while
;6 € ®¢,, meaning that W \ [§]M & Nj;(w). Towards a contradiction, suppose that, for
every v € W, § ¢ ®¢. Since, by definition, we have § ¢ ®¢ iff ) € ®¢, the previous step
means that W C [0], and hence [6]M = ). Thus, W ¢ N;(w), contradicting the fact
that M contains the unit. (i7) Let k = [ = 1. Hence, there exists O;7 € ®¢, and ¢;0 € PF.
We then reason similarly to the case for L = E. O

Given a completion set T for p and S, C T,1etI'Y = {¢ |n: ¢ € S,} U{C | n:C(z) €
Sy }. We say that a completion set T for ¢ is M-compatible if there exists a function 7 from Ly
to W, and, for every n € L, there exists a function 7, from the set of variables occurring in

Sn to Az, such that v € T, implies v € ™ (@)

(n) - We then require the following claim.
Claim 3.2. If a completion set T for ¢ is M-compatible, then for every L'} ,--rule R applicable
to T there exists a completion set T” obtained from T by an application of R such that T’ is

M-compatible.

Proof. Given an M-compatible completion set T for ¢ and a label n € L, let m and 7, be the
functions provided by the definition of M-compatibility. We need to consider each L) ---rule
R. For R € {RA, Ry, Rm, Ry, Ry, R3, R_, R. }, we proceed similarly to [27, Claim 15.14]. Here
we consider the case of Ry,: Suppose that Ry, is applicable to T. Let O;y; € 51, ..., Oy, €

e O € I'%,. Since T is M-compatible, we have that 0,71 € @W”(xl), co O € P (Tr)

m(n) m(n)

and ¢;0 € @:7(’7(5)’). Thus, by Claim 3.1, there exists v € W such that: v; € @Z,r”(xl), cey Yk €

@ﬁ"(”) and § € @g"(y); or vy € @Z”(:”f) and 56 € @Z”(y), for some j < [; where: for
L=EkEk=I0l=1forL=ME&=1and! = 0;forL = C, kK > 1and! = k; for
L=N,k=10=1ork =1=0. By applying the rule Ry, accordingly, one can obtain T’
by adding m : y1,...,m : v, m : 6, or m : —y;,m : =0, for some j < [, to T (recall that m
is fresh for T and 7; is either ¢; € for-(¢) or Cj(x;), with C; € con~(p),forj =1,...,k,
and ¢ is either x € for-(y) or D(y), with D € con-(¢p)). By extending 7 with 7(m) = v,
and 7, with 7, (21) = (1), ..., T (k) = Tn(2k), Tm(y) = T (y), we obtain that T’ is
M-compatible. O

To conclude, let T, = {0 : ¢,0 : T(x)} be the initial completion set for ¢. Define 7(0) = w,,
(where M, w,, |= ¢) and mo(x) = d, for an arbitrary d € A, . Clearly, these functions ensure
that T, is M-compatible. By Claim 3.2, we can apply the L'} ---rules so that the obtained
completion sets are M-compatible as well. From Theorem 1, we have that the L'} - tableau
algorithm eventually terminates, returning an L'} ---complete completion set for ¢ that is
clash-free by construction. O



By Theorem 1, we have that the non-deterministic L’y - tableau algorithm terminates after
exponentially many steps in the size of the input formula. By Theorems 2 and 3, such algorithm
is sound and complete with respect to satisfiability in varying domain neighbourhood models.
Thus, we obtain the following result.

Theorem 4. The L") ;- formula satisfiability problem on varying domain neighbourhood models
is decidable in NExPTIME.

To conclude this section, we observe that as an immediate consequence of the above results
we also obtain a (constructive) proof of the following kind of exponential model property.

Corollary 5. For L € {E, M, N} (respectively, L = C), every L'} s satisfiable formula © has
a model with at most p(|Fg(y)|) (respectively, at most 2PUF&(P)D) ) worlds, each of them having a
domain with at most 21IF&(2)) elements, where p and q are polynomial functions.

Proof. By Theorem 3, if ¢ is L'} - satisfiable, then there is a L' ;--complete and clash-free
completion set T for it. Then by Theorem 2, there exists a model M = (W, {N;}icr,Z) for
¢ where W = Lt and for eachn € W, A,, = {z € Ny | x occurs in S,,}. By Theorem 1,
Claim 1.2, it follows |[W| < |Fg(y)|? for L € {E,M, N}, and |W| < 2/F&)l . |Fg(y)| for
L = C, finally by Theorem 1, Claim 1.1, for each n € W, |A,| does not exceed 24(IFg(¢)])
where p and ¢ are polynomial functions. O

4. Reasoning in Fragments without Modalised Concepts

An MLZ‘%C formula is defined similarly to the ML’} - case, by disallowing modalised concepts.
Given L € Log, the L%fc formula satisfiability problem on constant domain neighbourhood
models is the MLZ\%C formula satisfiability problem on constant domain neighbourhood models
based on neighbourhood frames in the respective class for L (cf. Section 2). An ML" formula,
instead, is defined analogously to M. Lzlic, except that we built it from the standard propositional
(rather than ALC) language over a countable set of propositional letters Np. The semantics
of ML"™ formulas is given in terms of propositional neighbourhood models (or simply models)
MP = (W, {N;}ier, V), where (W, {N;}icr) is a neighbourhood frame, with I = {1,...,n}
in the following, and V : Np — 2"V is a function mapping propositional letters to sets of worlds
(see [20, 29]). The L™ formula satisfiability problem, is the ML" formula satisfiability problem
on propositional neighbourhood models based on neighbourhood frames in the respective class
for L. A propositional neighbourhood model based on a neighbourhood frame in the respective
class for L is called L™ model.

In Dalmonte et al. [24], it is shown that EZ‘%C and Mj‘ic formula satisfiability problems on
constant domain neighbourhood models are ExpTimE-complete. We now show tight complexity
results for CZ‘EC and NZ‘EC, using again the notion of a propositional abstraction of a formula (as
in, e.g., [30]). Here, one can separate the satisfiability test into two parts, one for the description
logic dimension and one for the modal dimension. The propositional abstraction @pep of an
MLZ'%C formula ¢ is the result of replacing each ALC Cl in ¢ by a propositional letter p, so that
there is a 1 : 1 relationship between the ALC CI 7 occurring in ¢ and the propositional letters
px used for the abstraction. We set Np(¢) = {pr € Np | misan ALC Clin ¢}. Given an



MLZ'EC formula ¢, we say that a propositional neighbourhood model M = (W, {N;}icr, V)
of Qprop is p-consistent if, for all w € W, the following ALC formula is satisfiable

/\prNP(w) ™A /\pwéNp(w) E

where Np(w) = {pr € Np(¢) | w € V(pr)} and Np(w) = Np(p) \ Np(w). We now formalise
the connection between M. LZEC formulas and their propositional abstractions with the following
lemma, where L € {C, N}, obtained by adapting the proof of Dalmonte et al. [24, Lemma 1].

Lemma 6. A formula ¢ is L%EC satisfiable on constant domain neighbourhood models iff pprop
is satisfied in a p-consistent L™ model.

We assume that the primitive connectives used to build propositional formulas are — and A
(V is expressed using — and A), and we denote by sub(@prop) the set of subformulas of @prop
closed under single negation. A valuation for a propositional ML" formula ¢pqp is a function
v : sub(¢prop) — {0, 1} that satisfies the following conditions: (1) for all =) € sub(@prop),
v(y) = 1iff v(—p) = 0; (2) for all Y A P2 € sub(pprop), ¥(¢1 Athe) = 1iff v(¢h) = 1
and v(12) = 1; and (3) v(prop) = 1. We say that a valuation for ¢prop is ¢-consistent if any
propositional neighbourhood model of the form ({w}, {N;}icr, V) satisfying w € V(p,) iff
v(pr) = 1, for all pr € Np(¢p), is ¢-consistent. We now establish that satisfiability of @prop in a
p-consistent C™ (respectively, N™) model is characterized by the existence of a p-consistent
valuation satisfying the property described in Lemma 7 (respectively, Lemma 8).

Lemma 7. A formula pprop is satisfied in a p-consistent C™ model iff there is a @-consistent
valuation v for Yprop such that if 041, . .., Oy are in sub(pprop), ¥(0i1j) = 1 forall1 <
Jj < k, and v(Q;¢) = 0, then either (/\;:11 i N =) or (—; A y) for somel < j < ks
satisfied in a p-consistent C™ model.

Proof. (=) Suppose that @ p is satisfied in a world w of a ¢-consistent C" model MP =
W, {N:}ier, V). Thatis, MP w |= ©Yprop- We define a @-consistent valuation for pprop by
setting v(¢) = 1if MP w = ¢ and v(¢) = 0if MP, w [~ 1. Ttis easy to check that v is indeed
a (p-consistent valuation (given that MP is a (-consistent C™ model). Assume 021, . . ., ;0
are in sub((pprop), ¥(0s9j) = 1 forall 1 < j < k, and v(0;¢x) = 0. Then MP, w |= 0O;4; for
alll < j < k,and MP,w £ Oy. By definition, (0;901 A. . . AQbp—1) — Di(P1A. .. Ap_1)
holds in C™ models. So MP,w = O;(¢1 A ... Ap_1) and MP,w £ O;p. This means
that V(Di(/\?;ll ¥;)) = 1 while v(0O;¢;) = 0. By definition, V(/\f;l1 ¥;) € Nij(w) and
V(i) € Ni(w). So, V(/\f;ll 1;) # V(¥r). Then, there is a world u in the symmetrical

difference of these sets such that M", u |= (/\‘I;;l1 i N =) V (ﬂ(/\f;ll ;) N y).

(<) Suppose there is a ¢-consistent valuation v for @prop such that if 0;¢1, . .., 0;¢y, are in
sub(@prop), ¥(Oi1;) = 1forall 1 < j < k, and v(O;4x) = 0, then there is a ¢-consistent C”
model

P _ ,
Mty = W v VA iy Yie Vst o)
and a world w/\?;1 ¥k < W/\]f;ll ik such that

k—1 k—1
M/P\f;ll ¢j7¢k’w 7;;11 V5 0k ): (( /\1 %) A ﬁwk) \4 (ﬁ( /\1 ¢]) A ¢k)
j= j=



Let M7, ..., MP be an enumeration of the models M, _, , as above. That is, we

NiZ1 Y55k
take one model M;\Ell . for each pair j = /\é:f 1, Y, where M? = Wj, {Nj, tier, V),
and let wq, ..., w,, be an enumeration of the worlds WAR=1 gy with j = /\f;ll Yy, Yy, and

wj € Wj. We assume without loss of generality that W; N W), = () for j # k.

In the following, we define a (-consistent C" model M = (W, {N;}ic1, V) for ¢prop.
Intuitively, we construct M by taking the union of each M% with the addition of a new
world w that will satisfy ¢prop. We define W as |, < j<n Wi U {w}, where w is fresh. Before
defining V; and V, we define the function J : sub(pprop) — 2" with J(3p) = Uo<j<m Vi(¥)
for all ¢ € sub(prop), where Vg : sub(p) — 2%} is the function that assigns 1 to {w}, if
v(1) = 1, and to (), otherwise (Vj, for 1 < j < m, is as above). By construction, we have that
J(=) = W\ J(@) and J (Y1 A h2) = J(¢1) N J(12). We define the assignment V as the
function V : Np(p) — 2"V satistying V(p,) = J(pr) for all p, € Np(¢p).

It remains to define N;, for i € I. For u € W; we first put  C W in N;(u) precisely
when ME,U E O;Ya and a = J(¢,) for some O;1, € sub(y). Then, we close N; under
intersection so that MP is a C™ model. The next two claims establish that A is as expected.

Claim 7.1. If 5 € N;(u) and 3 = J (1) for some ;1) € sub(¢prop), then /\/l';,u = 0.

Indeed, since 3 = J(¢) € N;(u), we must have that ME,U =018, ... M?, u = Oim g
and 8 = (%, J(¢1) for some T;¢1 3, ..., 0i¥m 3 € sub(@prop). Since N is closed under
intersection, in fact, we have that M?, uw = O;(AL, ¢ip). But since J(¢) = (2 J (i 8),
we also have V;(¢) = %, V;(¢1,p) (recall that W; N W), = () for k # j), so ME, u = O iff
ME = Oi(AL tp). Tt follows that M, u |= 0;e).

Regarding the fresh world w introduced above in W, we first put & C W in N;(w) precisely
when v(0;1,) = 1 and a = J(¢),) for some 0;1)q € sub(gprop). Then, we again close N;
under intersection so that MP is a C" model.

Claim 7.2. If 8 € N;(w) and B = J(/\ﬁ:l1 Yy) for some O, ..., Oithg—1 € sub(@prop) then
v(Oa) =1 foralll <1< k.

Indeed, since 8 = J( ;:11 Y1) € N;(w) wemusthave that v(0;¢1 8) = 1,...,v(Qi¥m ) =
land 8 = (%, J(¢ip) for some Oty 8,...,0i¢m 3 € sub(@prop). Suppose now that
v( /\;:11 1) = 0. Then, by assumption, there exists a structure M? = Wj, {Nj, }ier, Vj) and a

world w; € Wj such that MY w; = (A} s A=A )V (AN ) A AT ).
It follows that V; (A= ¢i.3) # Vi(Ar= ). Consequently J(AF = s) # J(AFZ! ),

which is a contradiction.

We now show by induction on the structure of formulas that V and .J agree on sub(prop ). This
holds by construction for atomic propositions. It is easy to deal with propositional connectives,
since we know that J (=) = W\ J(—%) and J(¢1 A ¢2) = J(¢1) N J(32) and similarly for
V. Assume inductively that V(1) = J(1)). Suppose first that u € J(O;¢). Then, either u = w
and v(0;4) = 1 oru € W; and M?, u = O;9. In either case we have that J(¢)) € N;(u).
Since V(¢)) = J(¢), it follows that MP v |= O, that is, u € V(O;¢). Suppose now that



u € V(O), that is, M, u = O;1), or, equivalently, V(1)) € N;(u). Since V() = J(v) it
follows that either v = w and v(0;¢) = 1 or u € Wj; and M?, u = O;%. In either case we
have that u € J(O;%).

Since v(@prop) = 1, we have that w € J(¢prop), and consequently w € V(@prop). That is,
MP w = ©prop- The fact that MP is a C™ model follows from the definition of ;. The fact
that MP is a (-consistent model follows from the fact that v, used to construct the assignment
related to w, is ¢-consistent and the models MY, ..., MP used to define the remaining worlds
in W, are all p-consistent models. O

Lemma 8 can be proved by adapting the proof of the previous lemma.

Lemma 8. A formula pprop is satisfied in a p-consistent N™ model iff there is a @-consistent
valuation v for pprop such that

1. if 03 is in sub(@prop) and v(0;10) = 0, then — is satisfied in a -consistent N™ model;

2. ifQsP1 and O are in sub(prop), ¥(0i91) = 1, and v(O1pe) = 0, then (1 A —pa) V
(b1 A 1bo) is satisfied in a p-consistent N™ model.

We now show by induction on the structure of formulas that V and J agree on sub(¢prop). This
holds by construction for atomic propositions. It is easy to deal with propositional connectives,
since we know that J (=) = W\ J(—%) and J(¢1 A ¢2) = J(¢1) N J(32) and similarly for
V. Assume inductively that V(1) = J(1)). Suppose first that u € J(O;¢). Then, either u = w
and v(0;¢) = 1 or u € W; and /\/l?, u = O;9. In either case we have that J(¢)) € N;(u).
Since V(¢)) = J(¢), it follows that MP v |= O, that is, u € V(O;¢). Suppose now that
u € V(O), that is, MP u |= O;9, or, equivalently, V(1)) € N;(u). Since V() = J(v) it
follows that either v = w and v(0;¢) = 1 or u € W; and M?, u = O;%. In either case we
have that u € J(O;%).

Since v(@prop) = 1, we have that w € J(@prop), and consequently w € V(@prop). That
is, MP. w |= ©prop- The fact that MP is p-consistent follows from the fact that v, used to
construct the assignment related to w, is ¢-consistent and the models Mlp, . ,M,':L, used to
define the remaining worlds in W, are all @-consistent. The fact that MP contains the unit is
by construction, that is, we defined M" so that for all i € [1,n] and all w € W, we have that
W € Ni(w). Thus, M? is a -consistent N™ model that satisfies @prop, as required.

To determine satisfiability of ¢prop in a ¢-consistent model, we use Lemma 6 and the character-
izations above. To establish complexity results, we use the fact that there are only quadratically
many subformulas in prop. Satisfiability in ALC is ExpTIME-complete and so, one can deter-
mine in exponential time whether a valuation is ¢-consistent. For an ExpTIME upper bound,
one can deterministically compute all possible -consistent valuations for ( /\;:11 i N —y,)
(or (¢1 A —1)2)) and decide satisfiability of prop by a -consistent model using a bottom-up
strategy (as in [30]). Since satisfiability in ALC is ExpTimEe-hard, our upper bound is tight.

Theorem 9. The CZ‘EC and N?atlic formula satisfiability problems on constant domain neigh-
bourhood models are ExpTIME-complete.



5. Discussion and Future Work

In this paper, we have presented first results on reasoning in non-normal modal description
logics. After providing motivations and preliminaries for these logics, we have focused on the
following two aspects. First, we have introduced terminating, sound and complete tableaux
algorithms for checking satisfiability of multi-modal description logics formulas in varying
domain neighbourhood models based on classes of frames that characterise different non-normal
systems, that is, E”, M", C™, and N". We have then studied the complexity of the satisfiability
problem restricted to fragments where modal operators can be applied to formulas only (thus
without modalised concepts) and interpreted on neighbourhood models with constant domains.
As future work, we plan to investigate along the following directions.

First, we are interested in adapting our tableau algorithms to check satisfiability of formulas
on neighbourhood models with constant domains. This requires to address the introduction
of fresh variables that do not occur in other previously expanded labelled constraints systems.
For instance, by applying the M} --rules to the n-labelled constraint system S,, = {n :
<&;3r.A(x), 0;—A(x) }, we obtain the m-labelled constraint system S,,, = {m : Ir.A(x),m :
—A(z),m : r(x,y),m : A(y)}. The fresh variable y in S,,, does not allow us to directly extract
a model with constant domain, since there would be no object in the domain of the world
associated with .S,, capable of representing y correctly.

A possible solution could be to define a suitable notion of quasimodel [27], to equivalently
characterise satisfiability on constant domain neighbourhood models in terms of structures
representing “abstractions” of the actual models of a formula. The representation of domain
objects across worlds would be given in terms of suitably defined functions, called runs, to
guarantee that they are well-behaved with respect to their modal properties, and that they do
not violate the constant domain assumption. A similar approach is followed by Seylan and
Erdur [23] and Seylan and Jamroga [25, 26], with suitable “copies” of worlds introduced to
address the problem of the definition of runs. In these works, however, it is not made explicit
how such a definition should be carried out in detail. We conjecture that an approach based on
marked variables, as illustrated in Gabbay et al. [27], can be fruitfully adopted together with
quasimodels to solve the issue of a constant domain model extraction from a complete and
clash-free completion set for a formula.

In addition, we are interested in tight complexity results for L - formula satisfiability, with
respect to varying and constant domain neighbourhood models. It is known that ALC formula
satisfiability is ExpTIME-complete. However, we do not know whether the upper bound for
L’ -c formula satisfiability problem on varying or constant domain neighbourhood models
can be improved to ExpTIME-membership, for any L € {E, M, C, N}. It has to be noted that,
at the propositional level, the formula satisfiability problem for the systems E, M, and N is
known to be NP-complete, with a rise to PSPACE-completeness for systems containing C [29].

Finally, we plan to consider satisfiability in other combinations and extensions of non-normal
modal description logics. This would naturally lead us to consider both the straightforward cases
of MC, MN and CN of the classical cube [31], as well as other logics tailored to applications
in knowledge representation contexts. In particular, we intend to investigate non-normal modal
description logics in epistemic, coalitional, and deontic settings.
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