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Abstract: Analytical methodology for solving boundary 

value problems for two-layered inhomogeneous viscoelatic semi-

spaces is developed and exposure of external in influences   on 

medium stability on the constructed mathematical models, is 

studied. The form of nonstationary surface phenomena 

corresponding to force boundary conditions is determined. It is 

obtained that the rate of attenuation of wave that are not 

attenuated   in an elastic layered medium, turns out to be less 

than the rate of attenuation of waves in areas of non-

transmission depending on viscoelastic properties of materials. 
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I. INTRODUCTION 

 Recently, considerable attention is  paid to the study of the 

regularities of interaction of wave processes of different 

medium. This is related with the  fact that many problems of 

nature are connected  with the solution of the problems of 

seismology and seismic stability of engineering systems, that  

leads to studing wave processes allowing for inhomogeneity, 

liminarlity  and rheological properties of the medium. The are 

a lot of  waves  devoted to this problem [2, 3]. 

 

II. PROBLEM STATEMENT 

 
Assume that in the rectangular coordinate system OXYZ  

at the moment 𝑡 = 0, dynamical load 𝜎1 = 𝑔(𝑡) is applied to 
the surface of a two-layerd inhomogeneous layer. There the 
study of wave state of the medium is reduced to the solution 
of  the equation of motion   [4].  

 
𝜕𝜎𝑖(𝑦,𝑡)

𝜕𝑥
= 𝜌𝑖

𝜕2𝜈𝑖(𝑥,𝑡)

𝜕𝑡2    () 

under the following boundary conditions:   

 𝜎1 = 𝑔(𝑡) 𝑓𝑜𝑟 𝑦 = 0  (2) 

 𝑉2(𝑦, 𝑡) = 0 𝑓𝑜𝑟 𝑦 = 𝑙1 + 𝑙2  (3) 

The boundary conditions are zero  

 𝑉𝑖(𝑦, 𝑡) =
𝜕𝜈𝑖(𝑦,𝑡)

𝜕𝑡
= 0 𝑓𝑜𝑟 𝑡 = 0  (4) 

The contact conditions are accepted in the form: 

𝜎1(𝑦, 𝑡) = 𝜎2(𝑦, 𝑡),  

 𝑉1(𝑦, 𝑡) = 𝑉2(𝑦, 𝑡) при 𝑦 = 𝑙1  () 

We determine the defining relations and inhomogeneity   
of the medium by the following formulas : 

𝜎1(𝑦, 𝑡) = ∫[𝑅(1)(𝑡 − 𝜏, 𝑦) +

𝑡

0

 

 +
2

3
𝑅(𝑖)(𝑡 − 𝜏, 𝑦)] 𝑑 (

𝜕𝜈𝑖(𝑦,𝑡)

𝜕𝑦
)  () 

 𝜌𝑖(𝑦) = 𝜌𝑖
0(1 + 𝑏𝑦)𝑚  𝑅𝑖(𝑦, 𝑡) = 𝑅𝑖(𝑡)(1 + 𝑏𝑦)𝑚  () 

where 𝑖 = 1,2; 𝑗 = 1,2; 𝜎𝑖(𝑦, 𝑡)  is a stress, 𝜌𝑖
0 − 𝑐𝑜𝑛𝑠𝑡 , is 

medium density, 𝑉(𝑦, 𝑡) is displacement, 𝑙1  and 𝑙2  are layer 

thicknesses, 𝑏 and 𝑚 are constants, 𝑅𝑖
(1)

(𝑦, 𝑡) and 𝑅𝑖
(2)

(𝑦, 𝑡) 

are volume and shear relaxation functions, 𝑔(𝑡) is the given  
external load.  

Note that for  𝑖 = 1 all the relations belong to the first 
layer,  for 𝑖 = 2 ,to the second layer. As can be seen? the 
solution of the problem is led to the solution of equation    (2) 
under the conditions  (2)-(7). 

 Applying the Laplace transform in time 𝑡 to the equation  
(1) allowing for  (4), (6) and (7) we obtain: 

 
𝑑2𝑉𝑖̅(𝑧,𝑝)

𝜕𝑧2 +
𝑘

𝑧

𝑑𝑉𝑖̅(𝑧,𝑝)

𝜕𝑧
−

𝑅𝑖
2

𝑎2 𝑉̅(𝑧, 𝑝) = 0    () 

where: 𝑧 = 1 + 𝑎𝑦 , 𝛽𝑖
2(𝑝) =

𝑝2

𝐶𝑖
2(𝑝)

; 𝐶𝑖
2(𝑝) =

𝑝𝑅𝑖
(1)

(𝑝)+
2

3
𝑝𝑅̅𝑖

(1)
(𝑝)

𝜌𝑖
0  

𝑝 is a parameter of Laplace  , 𝑉𝑖̅(𝑧, 𝑝) is the image of the 

function 𝑉𝑖̅(𝑦, 𝑡) , 𝑅̅𝑖
(1)

(𝑝)  and 𝑅𝑖
2(𝑝)  are the images of the 

functions 𝑅𝑖
(1)

(𝑡),  and 𝑅𝑖
(2)

(𝑡) respectively. The solution of 

the equation (8), satisfying conditions  (2), (3) and (5) has the 
form: 

𝑉1̅(𝑧, 𝑝) =
𝑧𝑦

∆
[∆1𝐾𝜈 (

𝛽1𝑧

𝑎
) + ∆2𝐼𝜈 (

𝛽1𝑧

𝑎
)]  

 𝑉2̅(𝑧, 𝑝) =
𝑧𝑦

∆
[∆3𝐾𝜈 (

𝛽2𝑧

𝑎
) + ∆4𝐼𝜈 (

𝛽2𝑧

𝑎
)] () 
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where 

 ∆= [𝐼𝜈−1 (
𝛽1

𝑎
) 𝐾𝜈−1 (

𝛽1𝑧1

𝑎
) − 𝐾𝜈−1 (

𝛽1

𝑎
) 𝐼𝜈−1 (

𝛽1𝑧1

𝑎
)] × 

× [𝐼𝜈 (
𝛽2𝑧2

𝑎
) 𝐾𝜈 (

𝛽2𝑧1

𝑎
) − 𝐾𝜈 (

𝛽2𝑧2

𝑎
) 𝐼𝜈 (

𝛽2𝑧1

𝑎
)] − 

−𝛼 [𝐾𝜈−1 (
𝛽1

𝑎
) 𝐼𝑛 (

𝛽1𝑧1

𝑎
) + 𝐼𝜈−1 (

𝛽1

𝑎
) 𝐾𝜈 (

𝛽1𝑧1

𝑎
)] × 

× [𝐼𝜈 (
𝛽2𝑧2

𝑎
) 𝐾𝜈−1 (

𝛽2𝑧1

𝑎
) + 𝐾𝜈 (

𝛽2𝑧2

𝑎
) 𝐼𝜈−1 (

𝛽2𝑧1

𝑎
)] ; 

∆1=
𝑔̅(𝑝)

𝑝𝑅̅1
(1)

+
2
3

𝑝𝑅̅2
(1)

∙
1

𝛽1

{𝛼𝐼𝜈 (
𝛽1𝑧1

𝑎
) × 

× [𝐾𝜈−1 (
𝛽2𝑧1

𝑎
) 𝐼𝜈 (

𝛽2𝑧2

𝑎
) + 𝐾𝜈 (

𝛽2𝑧2

𝑎
) 𝐼𝜈−1 (

𝛽2𝑧1

𝑎
)] + 

+𝐼𝜈−1 (
𝛽1𝑧1

𝑎
) [𝐼𝜈 (

𝛽2𝑧2

𝑎
) 𝐾𝜈 (

𝛽2𝑧1

𝑎
) − 

−𝐾𝜈 (
𝛽2𝑧2

𝑎
) 𝐼𝜈 (

𝛽2𝑧1

𝑎
)]} 

∆2=
𝑔̅(𝑝)

𝑝𝑅̅1
(1)

+
2
3

𝑝𝑅̅2
(1)

∙
1

𝛽1

{𝐾𝜈−1 (
𝛽1𝑧1

𝑎
) × 

× [𝐼𝜈 (
𝛽2𝑧2

𝑎
) 𝐾𝜈 (

𝛽2𝑧1

𝑎
) − 𝐼𝜈 (

𝛽2𝑧1

𝑎
) 𝐾𝜈−1 (

𝛽2𝑧2

𝑎
)] − 

−𝛼𝐾𝜈 (
𝛽1𝑧1

𝑎
) [𝐾𝜈 (

𝛽2𝑧2

𝑎
) 𝐼𝜈−1 (

𝛽2𝑧1

𝑎
) + 

+𝐼𝜈 (
𝛽2𝑧1

𝑎
) 𝐾𝜈−1 (

𝛽2𝑧1

𝑎
)]} 

∆3=
𝑔̅(𝑝)

𝑝𝑅̅1
(1)

+
2
3

𝑝𝑅̅2
(1)

∙
1

𝛽1

𝐼𝜈 (
𝛽2𝑧2

𝑎
) [𝐾𝜈 (

𝛽1𝑧1

𝑎
) × 

× 𝐼𝜈−1 (
𝛽1𝑧1

𝑎
) + 𝐼𝜈 (

𝛽1𝑧1

𝑎
) 𝐾𝜈−1 (

𝛽1𝑧1

𝑎
)] 

∆4=
𝑔̅(𝑝)

𝑝𝑅̅1
(1)

+
2
3

𝑝𝑅̅2
(1)

∙
1

𝛽1

𝐾𝜈 (
𝛽2𝑧2

𝑎
) [𝐼𝜈 (

𝛽1𝑧1

𝑎
) × 

× 𝐾𝜈−1 (
𝛽1𝑧1

𝑎
) + 𝐾𝜈 (

𝛽1𝑧1

𝑎
) 𝐼𝜈−1 (

𝛽1𝑧1

𝑎
)] 

where 𝐼𝜈(𝑧) and 𝐾𝜈(𝑧) are cylindrical Bessel functions [1, 4]. 

𝛼 =
𝑝𝑅̅1

(2)
+

2
3

𝑝𝑅̅2
(2)

𝑝𝑅̅1
(1)

+
2
3

𝑝𝑅̅2
(1)

∙
𝛽2

𝛽1

;  𝑧1 = 1 + 𝑎𝑙1;  𝑧2 = 1 + 𝑎𝑙2  

By means of expansion of cylindrical functions, for large 
values of arguments we obtain : [1]  

𝑉1̅(𝑧, 𝑝) =
𝑔̅(𝑝)

𝑝𝜌1
0𝐶1

√
𝑅1

(1)
(0)

𝑝𝑅̅1
(1)

∑ 𝜃𝑛

∞

𝑛=0

[exp (−
𝑝

𝐶1

𝑧 + 2𝑛𝑙1

𝑎
× 

× √
𝑅1

(1)
(0)

𝑝𝑅̅1
(1)

) + 𝜃exp (−
𝑝

𝐶1

2(𝑛 + 1) − 𝑧

𝑎
√

𝑅1
(1)

(0)

𝑝𝑅̅1
(1)

)] 

𝑉2̅(𝑧, 𝑝) =
𝑎𝑉1̅(𝑙1, 𝑝)

2𝛾𝑝√𝑧1𝑧2

√
𝑅(2)(0)

𝑝𝑅(2)(𝑝)
[exp (−

𝑝

𝐶2

𝑧 − 𝑧2

𝑎
× 

 × √
𝑅(2)(0)

𝑝𝑅̅(2) ) − exp (−
𝑝

𝐶2

𝑧2−𝑧

𝑎
√

𝑅(2)(0)

𝑝𝑅(2)(𝑝)
)] () 

were 𝐶𝑖 = √
𝑅1

(𝑖)
(0)+

2

3
𝑅(𝑖)(0)

𝜌𝑖
0 ; 𝜃 =

𝛽2𝛾𝑧1+(𝛾𝑦−1)𝑎𝜇

𝛽2𝛾𝑧1−(𝛾𝑦−1)𝑎𝜇
; 

 𝛾 =
𝑧2−𝑧1

𝑧1
; 

𝑝𝑅̅1
(1)

𝑝𝑅(𝑖) = 𝜇 = 𝑐𝑜𝑛𝑠𝑡. 

 Hence it is seen that the solution of the stated problem is  
reduced to calculating the inverse Laplace transformation of 
the function of the form: 

𝜑̅(𝑧, 𝑝) = −
𝑔̅(𝑝)

𝑝
√

𝑅(0)

𝑝𝑅̅(𝑝)
𝑒𝑥𝑝 (−

𝑝

𝐶

𝑟

𝑎
√

𝑅(0)

𝑝𝑅̅
) 

It is known that 𝑝𝑅̅ = 𝑅0(𝑖 − 𝜀Γ̅) . Taking this into 
account, representing the  exponential function in the form of 
a Fourier integral, we obtain: 

𝜑̅(𝑧, 𝑝) = −
2𝑔̅(𝑝)

𝑝√1
∫

𝑐𝑜𝑠(
𝜆𝑧

𝐶
)𝑑𝜆

𝑝2+𝜆2−𝜀𝜆2Γ̅(𝑝)

∞

0
  

 Taking into account  |
𝜀𝜆2Γ̅(𝑝)

𝑝2+𝜆2 | < 1  we expand the 

integrand function in series: 

𝜑(𝑧, 𝑝) = −
2𝑔̅(𝑝)

𝜋𝑝
∫ [

1

𝑝2 + 𝜆2
+

𝜀𝜆2Γ̅(𝑝)

(𝑝2 + 𝜆2)2
+ ⋯ +

∞

0

 

+
(𝜀𝜆2Γ̅(𝑝))𝑚

(𝑝2 + 𝜆2)𝑚+1
] 𝑐𝑜𝑠 (

𝜆𝑧

𝐶
) 𝑑𝜆 

Calculating  the integrals, we obtain: 

𝜑(𝑧, 𝑝) = −
𝑔̅(𝑝)

𝑝
𝑒−

𝑝𝑧
𝐶 [

1

𝑝
+

1

22
(

𝑧

𝐶
)

𝜀Γ̅

𝑝2
+ ⋯ + 

+
𝑝−(𝑚+1)

2𝑚𝑚!
(

𝑧

𝐶
)

𝑚

(𝜀Γ̅(𝑝))
𝑚

+ ⋯ ] 

Passing to the space of originals, we find:  

 𝜑(𝑧, 𝑝) = − ∫ 𝑔(𝜏)𝑑𝜏 ∗ [𝐻 (𝑡 −
𝑧

𝐶
) +

1

22 (
𝑧

𝐶
) 𝜀Γ(t) + ⋯ +

𝑡

0
 



1

2𝑚𝑚!
𝜀𝑚Γ(𝑚)(t) + ⋯ ] 

where Γ1(𝑡) = Γ(𝑡) , Γ(2)(𝑡) = ∫ Γ(𝑡 − 𝜏)Γ1(𝜏)𝑑𝜏, …
𝑡

0
, 

Γ(𝑚)(𝑡) = ∫ Γ(𝑡 − 𝜏)Γ𝑚−1(𝜏)𝑑𝜏
𝑡

0
 

then the solution is determined by the formulas : 

𝑉1(𝑧, 𝑡) = −
1

𝜌1
0𝐶1

∫ 𝑔(𝜏)𝑑𝜏 ∗

𝑡

0

∑[𝜑(𝑧 + 2𝑛𝑙1, 𝑡) +

∞

𝑛=1

 

+𝜑((2(𝑛 + 1) − 𝑧; 𝑡)]𝜃𝑛 

𝑉2(𝑧, 𝑡) =
𝑎

2𝛾√𝑧1𝑧2

∫ 𝑉1(𝑙, 𝑡)

𝑡

0

[𝜑(𝑧 − 𝑧2, 𝑡) − 𝜑(𝑧2 − 𝑧, 𝑡)] 

III. CONCLUSION 

1. A problem on propagation of nonstationary waves in 
inhomogeneous viscoelastic laminated semi-spaces  for 
arbitrary hereditary functions at low viscosity was solved by 
the method of Laplace integral transforms.  

2. The influence of viscosity and homogeneity of materials 
on wave propagation when the density and relaxation function 
depend on coordinates directed into the subspace was studied. 
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