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1 Introduction

Multibody systems with large rotations may be described conveniently and free of singularities in non-
linear configuration spaces with Lie group structure. Lie group integrators preserve this structure in the
sense that the numerical solution will remain (by construction) in the Lie group. The methods go back to
the work of Crouch and Grossman (1993) and Munthe-Kaas (1998), see [5], and have become one of the
standard approaches in flexible multibody dynamics with the seminal paper of Briils and Cardona (2010)
on Lie group time integration for constrained systems [2].

Today, virtually any classical time integration method from system dynamics has its Lie group coun-
terpart including implicit and (half-)explicit methods, methods for constrained and for unconstrained
systems, variational integrators, one-step and multistep methods, Newmark type methods etc. There is
not much known about the numerical stability of these methods in the application to stiff systems.

More precisely, one would be interested in criteria and step size bounds that guarantee that the distance
between two numerical solutions for different initial values remains bounded on infinite time intervals.
In linear spaces, such error bounds are known, e.g., from the theory of B-stability for systems that satisfy
a one-sided Lipschitz condition [4].

For differential equations on Riemannian manifolds, a first stability result of that type was presented
by Owren at the FOCM 2023 conference in Paris. He proves B-stability of the geodesic implicit Euler
method on Riemannian manifolds with non-positive sectional curvature [1, Theorem 3.1]. In the present
paper, we follow a different path and focus on the application of Lie group integrators to test problems
from rigid body dynamics.

2 Test equations in linear spaces
This work was inspired by the classical Dahlquist equation y = Ay with a parameter A € C~. The
Dahlquist equation results, e.g., from the equation

mé +dE +kE=0 (%)

of an oscillating point mass m with stiffness and damping parameters k > 0, d > 0 if the equivalent
first order system in terms of (&, 5) is transformed to two decoupled equations y; = Aiyi, (i = 1,2), with
Mo = (—dE£Vd*—4km)/2mand y; := W& — &,y := & — L, &.

The scalar test equation (x) represents all linear time-invariant systems MX + Dx + Kx = 0 with sym-
metric positive definite mass and stiffness matrices M, K € R”*" and Rayleigh damping in terms of
D = cmM + ckK with constants ¢y, cg > 0: In a first step, the mass matrix M is diagonalized by or-
thogonal transformations resulting in M = Uy Am U;,[ with Ay = diag;m;. Then, a second orthogo-
nal transformation A;,II/ 2 UK,[ KUm A;,Il/ - Ug (Ag,[l/ 2 Ax A;,[l/ 2)U§Tl with Ak = diag; k; results in n
scalar equations miéi—i-diéi—i—kiéi =0, (i=1,...,n), in terms of (&,...,&,)" :AK,II/ZU‘TZAMZU;,[X
with d; = ecmm; + ckki, see (x). Le., the A-stability analysis for the scalar Dahlquist test equation and
the equation (x) for the oscillating point mass with a damped linear spring give insight for a rather large

class of (linear) problems.

3 Test problem: Rotating ball with (damped) torsional spring

In a Lie group setting, the natural counterpart to the scalar system mé —|—d§ + k& =0 is a (damped)
torsional spring being attached to a rigid ball with homogeneous mass distribution that has its centre in
the origin and rotates around a fixed axis n € R?, ||n||; = 1. In SO(3), the orientation of the body is
given by R = expgq 3 (ai) with a € R denoting the angle of rotation and the skew symmetric matrix
fi € R3*3 that represents the vector product in the sense of Aiw = n x w, (w € R3). The exponential map



is invertible in a neighbourhood of the origin and defines an inverse map IO’ESOG) : SO(3) — R? with
logso(3) (eXPso(3)(8)) = 6.

The ball’s inertia tensor J = mlj; results in gyroscopic terms that vanish identically: @ X JO = m® x ®
= 0. Here, ® € R3 denotes the angular velocity that is parallel to the axis of rotation: @ = vnwithv € R.
With these notations, the torsional spring is characterized by a torque vector —(d @ + kloggo 3 (R)) =
—(dv+ ko) m with damping and stiffness parameters d, k and yields equations of motion [3, Section 2.1]

R=R®, J®-+do+kloggs(R)=0 (1)

in the tangent bundle 7SO(3). For the local parametrization based approach of Munthe-Kaas [5, Sec-
tion 3], we consider incremental rotation vectors 0,(t) € R? that parametrize R(¢) = €XPso(3) (8,(1))R(z)
and solve a locally defined initial value problem

0,(t) = (Tsoz)(0-(1))) ), 0.(t,)=0 2)
with the tangent operator T5o(3) of expgos), see [2]. This operator represents the dexpg operator [5]
in matrix form. Taking into account that TSO )(s()m) (s(r)m) = $(t)n for any scalar function s(r),
the solution of (2) with @(z) = v(¢t)n is given by 0,(r) = s,(¢t)n with s,(¢ ) =v(t) and s,(¢,) =0, i.e.,
R(r) = expso3) ((2) i) with &(r) = $.(1) = v(r), &(r)n = @(t), &(t)n = @(r) and 0 = md + dv + kot
=m&+do+ko, see (1).

Time step t, — t,11 =t + h of a Runge-Kutta Munthe-Kaas method [5] defines R, = eXPso(3) (éj) R,
with Oj =h}; bjérj and @, =0 =0,+h Zjbj(brj. The stage vectors are ®,; = @, + h Zja,-j(brj,
6, =hY;ajb,;,

. ~ ~ ” : 1
@, =— 1(d0)ri+k10gso(3)(Rri)), R;i = expso(3)(0:i) Ry, 0= (Tso)(04) @y,  (3)

(i=1,...,s). As for the analytical solution (6,(t),®(r)) and its time derivative, we see that all stage

1

vectors 0,;, Gri, ®,;,®,; are parallel to n resulting in numerical solutions R, = €XPso(3) (a,H ﬁ) and
@, = Vv, n with (a,41,v,4+1) being the result of a classical Runge-Kutta step for the first order system
o =v, mv=—dv—ka starting from (a,,v,). For this test problem, the Runge-Kutta Lie group inte-
grator shares one-by-one the well known stability properties of its classical counterpart applied to the
second order problem in linear spaces.

Initial values @(1y) being nor parallel to vector n may cause a more complex behaviour of Lie group
integrators that will be illustrated by a series of numerical test results.
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